We give a direct transition from the existence of a bounded right approximate identity in the diagonal ideal for a weighted convolution algebra on a locally compact group to the existence of translation invariant means on an associated weighted L°°-space, thus giving a characterization of amenability for such an algebra.
Theorem (Khelemskiï and Sheínberg). 21 is amenable ifiand only if 21 has a BAI and the diagonal ideal has a BRAI.
This theorem has recently been reproved with only a minimum of homological methods by P. C. Curtis, Jr. and R. J. Loy [2] and it is of some interest directly to establish the connection from a BRAI in the diagonal ideal to other (intrinsic) criteriae for amenability. This was done in [4] for a class of weighted discrete semigroup algebras.
In this paper we study weighted convolution algebras on locally compact groups. For a fixed group, the various weighted group algebras are isomorphic as Banach spaces, but quite different as Banach algebras. We relate the existence of a BRAI in the diagonal ideal to amenability of the group and growth conditions on the weight. In the discrete case [4] this could be done by essentially combinatorial methods, but in the nondiscrete case we have to rely more deeply on properties of integration with respect to Haar measures. These properties and other technical results are dealt with in §1. In §2 we prove the main theorem, which reads (e) G is amenable and sup{a(g) | g e G} < co.
Here L (co) is a weighted group algebra, and a(g) = co(g)co(g~ ) (g e G) is an auxiliary weight; see the details in §1. The crux of the matter is the implication (a) «• (d). An invariant mean is obtained directly from a BRAI in the diagonal ideal as a weak*-limit of vector valued integrals with kernel from the BRAI. Conversely, a BRAI in the diagonal ideal is obtained from an invariant mean by constructing a right unit for the double conjugate of the diagonal ideal. These proofs are fairly easy in the unweighted case, but certain estimates are complicated by the fact that the weight may be strictly submultiplicative.
Preliminaries
In this section we make the basic definitions and give some elementary properties of convolution in weighted spaces. Most of the statements of this section are well known in the unweighted case. However, the weighted cases do not follow trivially from the corresponding statements in the unweighted case, so we give proofs in some detail. Definition 1.1. Let G be a locally compact group and let p: G ->]0, co[ be a continuous function. Let I bea Banach space of measures or (equivalence classes of) functions on G. We define the corresponding weighted space as X(p) = {f I pfi e X). We norm X(p) so that the map / >-> pfi: X(p) -♦ X becomes an isometry.
The spaces X that we shall use are: We shall usually suppress mentioning which group we are dealing with, when we use weighted spaces. Thus, we shall for instance write Lx(p) instead of L (G)(p). This should cause no ambiguity, since the group G is implicitly given as the domain of p.
The letter co will be used to designate a submultiplicative continuous weight on G, that is a continuous function co: G ->]0, co[ satisfying co(st) < co(s)co(t) (s,teG).
For convenience we shall assume co(e) = 1, where e is the neutral element of G. With convolution of measures as algebra product M(co) becomes a Banach algebra, having l'(cîj) as a closed two-sided ideal. As described in the introduction, we will be dealing with the sequence
where V is the diagonal ideal. Since L (co) has a BAI, the product map n is surjective, so that the sequence is short exact. Let dt denote left invariant Haar measure on G, and let ô be the Dirac measure at g (g e G). The modular function for G is denoted A. We make the cartesian product G x G a locally compact group by defining the product (1) (s,t)(g,h) = (sg,ht) (s,t,g,heG).
We shall always assume that G x G is equipped with this multiplication.
Proposition 1.2. L1(co) §>Lx(co)op is isometrically isomorphic to Lx(coxco) as
Banach algebras where co x co : G x G -► R+ is given by cox co(s, t) = co(s)co(t). For x, y e L (co x co) the product is given by (2) ix*y)(g,h)= if x(gs,t xh)y(s ' ,t)dsdt (a.e. (g, h))
(a.e. (5,0).
Proof. The Banach space isomorphism between Lx (co)®Lx (co) and Lx(coxco) is well known and formulas (2), (3), and (4) are obvious for elementary tensors. By continuity of the algebra product they follow in general. The Banach algebra isomorphism is obtained by the substitution t := f in (2) and by noting that A(t~ )dsxdt is a left-invariant Haar measure on GxG with the multiplication (1). D
The module multiplications used in this paper are (restrictions of) the module operations obtained by dualization of the algebra product of M(co) on Lx(co) (seep. 50 of [1] ). 
Then for s, t e G (âst*a>f)-77F^(ôs*a>f)
which is a uniform bound, tending to zero as t -► e . Conversely, suppose that ' Then we want to show that e • cp -> tp, where (e )i(Z, is a <P e Cluc(W usual ¿-shaped BAI for L (co). Cohen's factorization theorem then gives the remaining inclusion of the first equality in the proposition. Estimating in the same way as in the unweighted case gives ■<IH|max{|l-w(OI,|l-<w(f ') '\} + \\st.ç-,p\\ from which it follows that tp e Cx (co~ ). The remaining inclusion is trivial. D
In the proof of the main theorem we shall make use of certain molecular measures in M(co x co), defined as ) (s, te G). Proof. Let tp e L°°((co x co)~ ) = L (co x co)* and suppose <P-i-V0 . We must prove that cpAAV . Since L (coxco) has a BAI it is enough to prove that cp-ylAV for all y e L (coxco). Clearly cp -yAAVf , so we may assume, using Proposition for all g, h, s, t e G. In particular with s = t = e we get <p(g, h) = <p(e, gh). Since n*(f)(s, t) = fi(st) for ail / e L°°(co~x) it follows that tp e Im7i*, i.e. cpAAV . To finish, we prove that V0 ç V. This is equivalent to (n*fi,x*Yg'h) 0 (fieL°°(co x);xeLx(coxco);g,heG).
But Y*'" ■ 7t*(fi)(s, t) = (n*fi)(sg, ht) -(n*fi)(s, ght) = 0, so this is obvious. G Let co be a continuous submultiplicative weight on G. We shall need the following auxiliary weights: (5) (6) mit) = co(t ') (teG), a(t) = co(t)co(t) (/eG), In the argument giving the equivalence of left-invariant means and BRAI's it is useful to evaluate L°°-functions at points.
The following proposition serves as a means for that. But first we define left-invariant means. We use ' x 4 ' as the symbol for the characteristic function of the set A . In this section we establish the relationship between a BRAI in the diagonal ideal for L (co) and certain invariant means for G. Since Lx(co) has a BAI we have hereby characterized amenability. The description will be in terms of the auxiliary weight defined in (6) . As before V denotes the diagonal ideal for Lx(co). If we order the pairs (A?, e) by the product order given by inclusion and the usual ordering of R+ , we see that, if <I> is the limit of a weak*-convergent subnet of (O^ f), then Proof. Let M be an invariant mean on L°°(a~x). By Proposition 28.7 of [1] it suffices to prove that V** has a right unit for the Arens multiplication.
NIELS GR0NB/CK Define T: Cmc((co x co)~x) -Cruc(£r') by Ttp(s) = cp(e,e) -tp(s, s~l) (tp e Cmc((co x co)~x),s e G).
We define a functional N e L°°((co x co)~xf by (/, N)=lim(T(fi-ey),M),
where (e ) er is some BAI for Lx(coxco) such that the net in L°°((coxcoyx)* given by /i-> (T(f-e), M) has a weak*-limit. By Proposition 1.3 this is well defined. If we can show that A" is a right unit for i**(V**) we are done, since i** is an algebra isomorphism.
Let x e L (co x co), let s, t e G, and let u e L°°((co x co)~ ). Then, with tp = u • x , we must show that n**(N) = 0. Since
we have for all / e L°°(co~ ) and all x e L (co x co) that T(7i*(fi)-x)eT(n*(Cuc(co-X))) = {0}.
Hence (fi, n**(N)) = limy(T(n(fi)-ey), M) = 0 for all feL°°(co~x). □
We are now in the position to prove Theorem 0.
Proof. The equivalence of (a) and (d) is the content of Propositions 2.1 and 2.2. The proofs of the remaining implications follow the proofs of the corresponding implications in Theorem 3.2 of [4] , so we omit details. [4] we see that to each V e %, each F e AF(G), and each zz e N we can find p e V n Ll(0) such that \\p\\ < \\M\\ and max{||ár • p -p \ r e F} < n~ . If we direct the p's so chosen by the product ordered set N x AF(G) x %, we get a bounded net in L (O) which satisfies the conditions of (c).
(d) => (e) : Since a is bounded away from zero, G is clearly amenable. For a e R+ define E(a) = {g | a(g) < a} and F (a) = G\E(a). Then 
